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ABSTRACT

Suppose a discrete amenable group G acts freely on a probability space

(X,B, µ) and {gi} is any mixing sequence of group elements, that is

µ(g−1
i A ∩ B) → µ(A)µ(B) for all A, B ∈ B. Then given any finite parti-

tion P and ǫ > 0 there is a subsequence {hj} of {gi} and a partition P ′

differing from P on a set of measure less than ǫ such that the partitions

{gP : g ∈ IP′{hj}} are jointly independent, where IP′{hj} denotes the

set

{eG} ∪ {hjk
hjk−1

· · ·hj1 : j1 < j2 < · · · < jk}

consisting of the identity of G together with all finite products of the {hj}

taken with indices in decreasing order.Corollary: Suppose {Ti} is a mixing sequence of pairwise commuting

automorphisms of (X,B, µ) and P is a finite partition. Then for any

ǫ > 0 there are a Q
ǫ
∼ P and a subsequence {Tij

} such that the partitions

{TQ : T ∈ IP′{Tij
}} are (jointly) independent.

The main result depends on an extension result for certain stationary

stochastic processes indexed by a finite subset of G which is of inde-

pendent interest. It says roughly that if K is a finite subset of G and
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{Xg}g∈K is a stochastic process which is (right) stationary and suffi-

ciently close (depending on the size of K) to being i.i.d., then {Xg}g∈K

has a stationary extension {Xg}g∈G indexed by all of G.

We also give characterizations of weak, mild and strong mixing of the

action of a discrete amenable group G in terms of the density in the space

of all finite partitions of the class of finite partitions with independent

iterates under appropriate types of subsets of G.

1. Introduction

In [K] Krengel proved that if T is a weakly mixing measure-preserving automor-

phism of a probability space (X,B, µ), P is a finite partition of X and ǫ > 0,

then there is an infinite sequence 0 = n1 < n2 < · · · and a partition P ′ within

ǫ of P (in the usual partition metric) such that the iterates {T niP ′}i∈N form a

jointly independent sequence of partitions, and that this property in fact char-

acterizes weak mixing of T . Krengel actually used the assumption of two-fold

weak mixing but shortly thereafter Furstenberg [F1] showed that weak mixing

implies weak mixing of all orders.

In [J,R,W] Krengel’s result was extended in two directions. Firstly, it was

generalized to actions of certain discrete Abelian groups G, still using the as-

sumption of two-fold weak mixing (which follows from weak mixing for some

groups, e.g. Zd). The proof of this result more or less followed Krengel’s ap-

proach. Secondly, in the case G = Z, that is the case of a single automor-

phism T , it was shown that if the sequence {ni} is mixing for T , that is

µ(T−niA ∩ B) → µ(A)µ(B) for all measurable A and B, then for any finite

partition P and ǫ > 0 there are a P ′ within ǫ of P and a subsequence {nij
} such

that the iterates {T nij P ′} are jointly independent. (In fact this second result

was proved in a stronger “IP-version” which we will explain later.)

For the second result two-fold mixing is not available: to our knowledge it is

not known whether

µ(A ∩ T−niB) → µ(A)µ(B) ∀A, B

implies

µ(A ∩ T−niB ∩ T−2niC) → µ(A)µ(B)µ(C) ∀A, B, C.

Of course when the sequence {ni} is just N itself this is a special case of a

notorious open question posed by Rohlin more than fifty years ago. Instead of
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two-fold mixing [J,R,W] used an extension result for approximately independent

stationary stochastic processes indexed by finite subsets of Z. This sort of

extension result is of independent interest and provides a very natural approach

to the problem. The extension result in [J,R,W] was obtained only for G = Z
and was also limited in another way which we will explain later. In this paper

we remove both these limitations, proving a general extension result, Theorem 2

below, for approximately independent stationary stochastic processes indexed by

a finite subset of a countable discrete amenable group G. This extension result

together with the Rohlin lemma for discrete amenable groups [O,W] allows us

to obtain a general form of Krengel’s theorem for free actions of a discrete

amenable group, Theorem 1 below.

Throughout this paper G will denote a countable discrete group with identity

element eG and (X,B, µ) a Lebesgue probability space. Aut(X,B, µ) will denote

the group of measure-preserving automorphisms of (X,B, µ). An action of G

on (X,B, µ) is a homomorphism T : G → Aut(X,B, µ). We will write Tg for

T (g) and gx for Tgx. The action is called free if for all g ∈ G\{eG} we have

µ{x : gx = x} = 0. A sequence {gi} ⊂ G is called mixing (for the given

action) if µ(g−1
i A ∩ B) → µ(A)µ(B) for all measurable A and B. By a finite

partition of X we mean a measurable mapping P from X to a finite index set

A. If Q: X → A is another partition we write Q
ǫ
∼ P if µ{x : Px 6= Qx} < ǫ.

To state Theorem 1 we need the notion of an IP-set: if {gi} is any sequence

of elements of G then we let

IP{gi} = {gik
gik−1

· · · gi1 : i1 < · · · < ik}

and

IP′{gi} = {eG} ∪ IP{gi}.

We call a set of this form the IP-set or IP′-set generated by {gi}. In the non-

Abelian setting one can define either left or right IP-sets and the definition we

have given is of a left IP-set. This is the natural choice for us as our actions are

left actions.

Theorem 1: Suppose a discrete amenable group G acts freely on (X,B, µ) and

{gi} is a sequence of elements of G which is mixing for this action. Then for any

finite partition P of X and ǫ > 0 there are a partition Q
ǫ
∼ P and a subsequence

{gij
} such that the partitions {gP : g ∈ IP′{gij

}} are (jointly) independent.

The extension theorem which is the basis of our proof of Theorem 1 is the

following. We defer precise definitions of the terminology for the moment.
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Theorem 2: Given α > 0 and k ∈ N there is a δ = δ(α, k) > 0 such that for any

finite set A, any countable discrete amenable group G, any H ⊂ G with |H | ≤ k

and any stationary probability measure γ on AH the following holds: if γ is

δ-independent and its one-dimensional marginal p satisfies mina∈A p(a) > α then

γ extends to a stationary probability measure λ on AG, that is the projection

of γ on AH is λ.

For now, suffice it to say that “stationary” means, roughly, invariant under

the action of G by right translation on AG, in so far as this is meaningful, that

δ-independence of γ means that γ is δ-close to the product of its marginals and

that the precise meaning of “δ-close” is unimportant as the cardinality of AH is

bounded by α−k. In fact we shall prove a more general result, Theorem 2′ in §2,

which applies to any countable discrete G and which easily implies Theorem 2.

In [J,R,W] Theorem 2 was proved in the case G = Z and with the stronger

assumption that the diameter of H , rather than just its cardinality, is bounded

by k.

Theorem 2 is of independent interest and has applications other than our use

of it here. It is an interesting and probably hard problem to say anything about

which stationary measures have stationary extensions. Stationarity alone is not

sufficient for Theorem 2, even when G = Z and A = {0, 1}. As an example

take γ on {0, 1}{0,1,3} to be the distribution of random variables X0, X1, X3

such that distXi = (1
2 , 1

2 ) for each i, X1 = X0 and X3 is independent of X0.

If it were possible to interpolate X2 in a stationary way then we would have

X0 = X1 = X2 = X3, contradicting the independence of X0 and X3. The

rigidity of exact equality in this example may be relaxed somewhat by having

X1 equal to X0 only with probability 1− ǫ. Of course in case H is an interval inZ every stationary measure is extendable, via the well-known Markov extension.

When G = Z2, Theorem 2 fails for stationary measures in general, even when

H = {0, 1}2. Take γ to be the uniform measure on the four configurations

1 1
0 1

0 1
0 0

0 0
1 1

1 0
1 0

It is straightforward to check that γ is stationary. However, the subshift of

finite type defined by allowing only these four arrays to appear in an infinite

configuration is empty, indeed there are no 3 × 3 arrays compatible with the

four given arrays, so certainly γ can have no stationary extension. Again the

rigidity can be loosened a bit, for example by taking a convex combination of γ

with a stationary product measure.
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In light of Theorem 1 it is natural to ask the following question. Suppose

{Ti} is a mixing sequence of automorphisms of (X,B, µ), P is a finite partition

and ǫ > 0. Can one then find a Q
ǫ
∼ P and a subsequence {Tij

} such that

the partitions {TQ : T ∈ IP′{Tij
}} are (jointly) independent? It is tempting

to conjecture that the answer is yes in complete generality. Theorem 1 tells

us that if the subgroup G of the automorphism group of (X,B, µ) generated

by {Ti} is amenable and acts freely on X then the answer is yes. If the group

generated is not amenable then the techniques of this paper are of no use. It

is less clear whether the lack of freeness is a serious obstacle. In the case of an

abelian group G freeness of the action is automatic by ergodicity, which follows

from the existence of a mixing sequence, so the following result is a corollary of

Theorem 1.

Theorem 3: Suppose {Ti} is a mixing sequence of pairwise commuting auto-

morphisms of (X,B, µ) and P is a finite partition. Then for any ǫ > 0 there are

a Q
ǫ
∼ P and a subsequence {Tij

} such that the partitions {TQ : T ∈ IP′{Tij
}}

are (jointly) independent.

Using Theorem 1 we can also prove the following characterizations of weak,

mild and strong mixing, generalizing results of [J,R,W]. In the following theo-

rems G is always a countable discrete amenable group, T : G → Aut(X,B, µ)

is a free action and (X,B, µ) is assumed to be a separable measure space. For

E ⊂ G we will say P is independent along E if the iterates {gP}g∈E are jointly

independent.

Theorem 4: T is weakly mixing if and only if given any set Σ ⊂ G which has

positive density with respect to some Følner sequence, the partitions which are

independent along some IP′-set with generators in Σ are dense in the set of all

finite partitions.

Theorem 5: T is mildly mixing if and only if given any IP′-set Σ ⊂ G, the

collection of finite partitions which are independent along some IP′-set Σ̄ ⊂ Σ

is dense in the set of all finite partitions.

Theorem 6: T is mixing if and only if given any infinite set Σ ⊂ G, the

partitions which are independent along some IP′-set with generators in Σ are

dense in the set of all finite partitions.

[J,R,W] also contains a relativized version of Krengel’s theorem, relative to

the Kronecker factor of the automorphism T . We have not worked this out for

a general G but very likely there is a result of this sort.
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Finally, let us mention a result of Bergelson and Rudolph [Be,Ru] which is

related to our main result.

Theorem (Bergelson, Rudolph): Suppose G =
⊕∞

n=1 F is a countable direct

sum of copies of a finite field F and g 7→ Tg is any weakly mixing action of G.

Then G has a subgroup H , isomorphic to G, whose action is Bernoulli, in the

sense that there is a σ-algebra F ⊂ B such that the σ-algebras {gF}g∈H are

jointly independent and generate B up to null sets.

In this setting it is easy to construct partitions with independent iterates

because the group in question is locally finite, an increasing union of finite

subgroups. For finite subgroups one can obtain exact Rohlin towers and thereby

control the behaviour of partitions along these subgroups exactly. The more

difficult aspect of the Bergelson–Rudolph result is arranging for generation.

Very likely something like the Bergelson–Rudolph result is true for any locally

finite group G, although H would be simply an infinite subgroup of G, no longer

isomorphic to G. In general, such a result cannot hold. For example, for G = Z,

if the action of a subgroup is Bernoulli then the full action is Bernoulli (see

[O], p. 39). However, one can ask whether weaker results hold. For example, if

the action is weakly mixing can one find an infinite partition or σ-algebra with

infinitely many independent iterates? Can this be arranged with iterates in an

IP-set? Can one arrange for these iterates to generate?

2. Extension of stationary measures

A finite partition of a measurable space (X,B) is a measurable map P from

X to a finite index set A. The sets p = P−1(a) are the atoms of P and we write

p ∈ P . If (X,B) carries a probability measure µ then distP (or distµ P if the

measure needs to be emphasized) denotes the measure µ ◦ P−1 on A. If B ∈ B

then distµ(P |B) refers to the restriction P |B and the normalized measure µB.

We write P ⊂ Q if each atom of P is a union of atoms of Q.

If P and Q are finite partitions of a probability space (Y, ν) then we will say P

is δ-independent of Q whenever ‖ dist(P |q)− distP‖∞ < δ for all q ∈ Q. (We

are identifying a measure µ on a finite set A with the vector {µ(a)}a∈A.) When

P is δ-independent of Q we will write P ⊥δ Q (or P ⊥δ,ν Q). Note that this

definition differs from a more standard one which uses the l1-norm and allows

a small exceptional set of q’s. We will make use of the fact that if P ⊥δ Q and

Q ⊃ R then P ⊥δ R.

Let G be a countable discrete group. A (right) Følner sequence in G is

a sequence {Fn} of finite subsets of G such that limn |Fn|−1|Fng∆Fn| = 0 for
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each g ∈ G. G is said to be amenable if it has a Følner sequence. We recall

that if G is amenable then it also has a left Følner sequence.

Now suppose A is a finite alphabet and G is a countable discrete group. We

will be working with measures on AH for various subsets H ⊂ G and we use

the usual product Borel structure on AH . Mostly H will be finite. Whenever

I ⊂ H ⊂ G we will denote by P I the projection map from AH to AI , which is

a finite partition of AH when I is finite. For H ⊂ G and g ∈ G we define the

right translation Rg: AH → AHg by Rg(x)(hg) = x(h) for h ∈ H . We will also

view Rg as mapping measures on AH to measures on AHg in the usual way. If

γ is a measure on AH and I ⊂ H we write γI for the projection of γ onto AI .

If p is a probability measure on A then pH will denote the product measure on

AH .

If H and H ′ are subsets of G we will say a probability measure γ on AH is

consistent with γ′ on AH′

if the projections of γ and γ′ onto AH∩H′

coincide.

We say γ is compatible with γ′ if γ is consistent with Rgγ
′ for all g ∈ G and we

say γ on AH is stationary if γ is compatible with itself. For H finite we will say

γ on AH is δ-independent whenever there is an indexing H = {h1, . . . , hn}

such that P {hi} ⊥δ,γ P {h1,...,hi−1} for all i = 2, . . . , n. If γ is a stationary

probability measure on AH then it has a unique one-dimensional marginal p, a

probability measure on A, and one easily sees that δ-independence of γ implies

‖γ − pH‖∞ < (|H | − 1)δ. Note also that if γ is δ-independent then so is γI for

any I ⊂ H . Here is the general version of our extension theorem, which applies

to any countable discrete group. As we have already remarked, the precise

definition of δ-independence in the statement of Theorem 2′ is unimportant but

our definition is convenient for the proof of the result.

Theorem 2′: Given α > 0 and k ∈ N there is a δ = δ(α, k) > 0 such that

the following holds: if A is a finite set, G is any countable discrete group, K

is a subset of G with |K| ≤ k and γ is any stationary probability measure

on AK such that γ is δ-independent and its one-dimensional marginal p sat-

isfies mina∈A p(a) > α then there is a probability measure λ on AG which is

compatible with γ.

Corollary (Theorem 2): If the group G in Theorem 2′ is amenable then the

measure γ in the conclusion may be taken to be stationary.

Proof: Since every right translate of the λ which Theorem 2′ gives is compatible

with γ we may simply average the right translates of λ over the sets in a Følner
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sequence and take any weak-* limit point to obtain a stationary λ′ which is also

compatible with γ.

For the proof of Theorem 2′ we will need an abstract extension result for

signed measures on AI where I is simply an abstract finite set, not to be thought

of as a subset of G for the time being. We remark that the notions of product

measure, projection and consistency remain meaningful for such signed mea-

sures. For J and K subsets of I and λ a signed measure on AK , πJλ will denote

the projection of λ onto AJ∩K . We adopt the convention that π∅λ is the scalar

λ(AK).

Suppose A and I are finite sets, I1, I2, . . . , Ik are subsets of I whose union is

I and ρ is a signed measure on AI . Then, letting ρj = πIj
ρ and K = {1, . . . , k}

the family (vector) of measures {ρj}j∈K is a pairwise consistent family of signed

measures. The following lemma asserts that any consistent family of signed

measures arises in this way as the family of projections of a signed measure on

AI . Its proof is more or less the same as the proof of Proposition 1.2 of [J,R,W].

We include it here for completeness, as the statements of the two results are

different.

Lemma 2.1: Let V denote the real vector space of all signed measures on

AI and W the real vector space of all pairwise consistent families {ρj}k
j=1, ρj

being a signed measure on AIj . Then the linear map Π: V → W defined by

Πρ = {πIj
ρ}k

j=1 is surjective.

Proof: Before beginning the proof we make two observations. First, if J and

K are disjoint subsets of I, m is a signed measure on AJ and p is a probability

measure on AK , then πJ(m × p) = m. Secondly, assuming again that J and K

are disjoint, for any signed measures m1 and m2 on AJ and AK and any subset

L ⊂ I we have πL(m1 × m2) = πLm1 × πLm2.

Write K = {1, . . . , k} and for a non-empty subset J ⊂ K let IJ =
⋂

j∈J Ij .

Suppose {ρj}j∈K ∈ W and let ρ̌J denote the common projection of the measures

ρj onto AIJ . Fix an arbitrary probability measure q on A and let ρJ denote the

product of the measure ρ̌J with the product measure qI\IJ on the remaining

co-ordinates in I. Similarly for i ∈ K let ρi
J denote the product of the measure

ρ̌{i}∪J with the product measure qIi\I{i}∪J on the remaining co-ordinates in Ii.

As a result of these definitions we have

πIi
(ρJ ) = ρi

J = ρi
{i}∪J .
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Now define

ρ =
∑

J⊂K,J 6=∅

(−1)|J |+1ρJ .

Fix an i between 1 and k; we must show πIi
ρ = ρi. To this end rewrite

ρ =
∑

J⊂K,J 6=φ,i∈J

(−1)|J |+1ρJ +
∑

J⊂K,J 6=φ,i/∈J

(−1)|J |+1ρJ

=ρ{i} +
∑

J 6=φ,i/∈J

(−1)|J |ρ{i}∪J +
∑

J 6=φ,i/∈J

(−1)|J |+1ρJ .

Now applying πIi
to both sides of this equation and using

πIi
(ρJ ) = ρi

{i}∪J = πIi
(ρ{i}∪J )

we obtain πIi
(ρ) = πIi

ρ{i} = ρi.

We will also need the following lemma.

Lemma 2.2: Suppose V and W are finite-dimensional real normed vector spaces

and Π: V → W is any surjective linear map. Then there is a constant C = C(Π)

with the following property: if v ∈ V and w = Π(v) 6= 0 then Π has a right

inverse B (ΠB = idW ) such that Bw = v and ‖B‖ ≤ C ‖v‖
‖w‖ .

Proof: Before beginning the proof we make two observations. First, as all

norms on a finite dimensional vector space are equivalent, the conclusion of the

lemma persists if we replace the norm of either V or W by a different one. Also

note that if I: W → W ′ is any isomorphism then the conclusion of the lemma

persists if Π is replaced by I ◦ Π, as both I and I−1 are bounded.

In view of these remarks we may start by assuming that V is Euclidean. Let

E = kerΠ and F = E⊥. Then I = Π|F is an isomorphism and replacing Π

by I−1 ◦Π we obtain the orthogonal projection onto F . Consequently, we shall

assume at the outset that Π itself is the orthogonal projection onto F . Let

Z = F ∩ {w}⊥, so we have F = Z ⊕ Rw, an orthogonal direct sum. Define

B(z + tw) = z + tv for z ∈ Z, t ∈ R. Certainly B is a right inverse of Π and

Bw = v. Moreover

‖B(z + tw)‖2

‖z + tw‖2
=

‖z/t‖2 + ‖v‖2

‖z/t‖2 + ‖w‖2
≤

‖v‖2

‖w‖2
,

since ‖w‖ = ‖Πv‖ ≤ ‖v‖. So, in the special case that we have reduced to we

may take C = 1.

Theorem 2′ is an easy consequence of the following proposition. We set β =

αk2

/2k2.
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Proposition 2.3: If δ = δ(α, k) is sufficiently small then for any finite I ⊂ G,

any probability measure λ on AI which is β-independent and compatible with

γ and any g0 ∈ G\I there is an extension λ′ of λ to a measure on AI∪{g0} which

is again β-independent and compatible with γ.

We will assume, without loss of generality, that g0 = e = eG, the identity

element of G. For each g ∈ K let

Sg = Kg−1 ∩ (I ∪ {e}),

S =
⋃

{Sg : g ∈ K},

µg = Rg−1γSgg,

Rg = Sg\{e} = Kg−1 ∩ I,

R =
⋃

{Rg : g ∈ K} = S\{e}.

We are going to construct a probability measure σ on AS such that

(1) πRσ = πRλ,

(2) πSg
σ = µg ∀g ∈ K

and

(3) P {e} ⊥β,σ PR.

Let us assume for the moment that we have already constructed σ satisfying

(1), (2) and (3). Because of (1) we can then define λ′ to be the relative product

measure λ′ = λ ×AR σ, that is

λ′(x) =
λ(P Ix)σ(PSx)

λ(PRx)
, ∀x ∈ AI∪{e}.

λ′ is certainly an extension of λ and of σ. (2) ensures that λ′ is compatible

with γ, since any translate of K which contains e yields one of the Sg upon

intersection with I ∪ {e} and any other translate of K is taken care of by the

compatibility of λ with γ. Moreover, the definition of λ′ together with (3)

implies that for all X ∈ P {e}, Y ∈ PR and Z ∈ P I\R we have λ′(X |Y ∩ Z) =

σ(X |Y )
β
∼ p(X). This means that P {e} ⊥β,λ′ P I , and since λ is β-independent

it follows that λ′ is also β-independent, completing the proof of the proposition.

We now proceed to construct σ. For each g ∈ K let

νg = πRg
(µg) = πRg

λR.
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(The second equality follows from the definition of the µg and the compatibility

of λ with γ.) {νg}g∈K is a pairwise consistent family of measures as its compo-

nents are all marginals of the single measure λR. We let V denote the vector

space of all signed measures on AR and W the space of all consistent families

{ρg}g∈K , where ρg is a signed measure on ARg for each g ∈ K, both spaces

endowed with the l∞-norm. We let Π: V → W denote the projection map, that

is Π(ρ) = {πRg
ρ}g∈K for each ρ ∈ V , so we have ΠλR = {νg}g∈K . Lemma 2.1

tells us that Π is surjective so by Lemma 2.2 Π has a right inverse B such that

B({νg}g∈K) = λR

and

‖B‖ ≤ C‖λR‖/‖{νg}g∈K‖,

where C = C(Π) is a constant depending on Π. However, since R ⊂ KK−1,

Π is completely determined by specifying the subsets Rg, g ∈ K, of KK−1, of

which there are at most k, so there are no more than (2k2

)k possibilities for

the projection Π. This means that we may take C to be a constant depending

only on k. Since λR is a probability measure we have ‖λR‖∞ ≤ 1. Moreover,

the hypothesis p(a) > α ensures that |A| < α−1. Since each νg is a probability

measure on a set of cardinality at most |A|k, we have

‖{νg}g∈K‖∞ ≥ |A|−k ≥ αk,

so we obtain an absolute bound ‖B‖ ≤ Cα−k = C′.

We view each y ∈ AR∪{e} = AS as a pair y = (x, a), x ∈ AR, a ∈ A and use a

similar convention for the sets ASg (recall Sg = Rg ∪{e}). With this convention

if σ is a signed measure on AS then σ(·, a) is a measure on AR and µg(·, a) is a

measure on ARg for each g ∈ G. We now define σ by specifying that

σ(·, a) = B({µg(·, a)}g∈K) ∀a ∈ A.

Note that the consistency of the family {µg(·, a)}g∈K follows from the consis-

tency of the family {µg}g∈K , which in turn follows from the facts that all the

µg are translates of projections of γ and γ is stationary.
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We then have

πRσ =
∑

a∈A

σ(·, a)

=
∑

a∈A

B({µg(·, a)}g∈K)

=B

(

∑

a∈A

{µg(·, a)}g∈K

)

(since B is linear)

=B({νg}g∈K) = πRλ,

establishing (1). To check (2) observe that for each a ∈ A and k ∈ K we have

(πSk
σ)(·, a) = πRk

(σ(·, a)) = πRk
B({µh(·, a)}h∈K) = µk(·, a),

since ΠB = idW .

It remains to check that σ is non-negative and satisfies (3). Note that each

µg is δ-independent since it is a translate of a marginal of γ, and the same holds

for each νg. Now recall that

‖µg − pSg‖∞ ≤ (|Sg| − 1)δ < kδ

and again the same goes for νg. As a result we have

(µg(x, a))
kδ
∼ p(a)pRg (x)

kδ
∼ p(a)νg(x) ∀g ∈ K, x ∈ ARg , a ∈ A.

This means (since we are using l∞-norms) that

{µg(·, a)}g∈K
2kδ
∼ p(a){νg}g∈K ,

so using ‖B‖ ≤ C′ we obtain

(4) σ(·, a)
2C′kδ
∼ p(a)B({νg}g∈K) = p(a)λR.

Since λR is β-independent and |R| ≤ k2, for each x ∈ AR we have

λR(x)
k2β
∼ pR(x) ≥ αk2

.

Recalling that β = αk2

/2k2 it follows that λR(x) ≥ αk2

/2 for all x ∈ AR.

Combining this with (4) and taking δ < βαk2

/4C′k we get

(5)
∣

∣

∣

σ(x, a)

πRλ(x)
− p(a)

∣

∣

∣
≤

4C′kδ

αk2
< β ∀x ∈ AR, a ∈ A.
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Since p(a) > α and β ≤ α/2 this shows that σ takes only positive values so it is

a probability measure. (5) also shows that P {e} ⊥β,σ PR, establishing (3) and

concluding the proof of Proposition 2.3.

Theorem 2′ now follows from Proposition 2.3 by enumerating the elements of

G which are not in K in any way and then adjoining them to K one at a time.

3. Partitions with independent iterates

In this section we will be concerned with a free action g 7→ Tg of a discrete

amenable group G on (X,B, µ). We will usually write Tg(x) = gx. If P : X → A

is a finite partition and L is a subset of G we define the map PL: X → AL by

PL(x)(l) = P (lx) for l ∈ L. When L is finite PL is again a finite partition.

If L ⊂ G is infinite then the measures distPL′

, L′ ⊂ L finite, are mutually

consistent and thus define a measure on AL (endowed with the standard product

Borel structure). We denote this measure by distPL, just as for finite L. Note

that Rg ◦ PL = PLg ◦ Tg−1 , which implies that distPL is a stationary measure

on AL for any L (finite or not). (This is the reason for defining stationarity as

right invariance.) We define the partition gP to be P ◦Tg−1 in accordance with

the fact that g{P = a} = {P ◦ Tg−1 = a}.

If P and Q are finite partitions of X taking values in A such that

µ{x : Px 6= Qx} ≤ ǫ we will write P
ǫ
∼ Q. For probability measures λ and

ν on a finite set A we write λ
ǫ
∼ ν whenever ‖λ − ν‖1 ≤ ǫ. (Take note that

we are not using the l∞-norm here as we did in §2.) We will use the notation

η1 = ♭(η) generically for any positive function η1 of a positive real number η

which goes to zero as η goes to zero.

The proof of the following lemma is straight-forward.

Lemma 3.1: If P is a partition of X , X∗ ⊂ X and µ(X∗) > 1 − δ then

dist(P |X∗)
2δ
∼ distP .

In this section we will be exploiting the left amenability of G as opposed to

the right amenability used in §2. Following [O,W], p. 24, if K and L are finite

subsets of G such that eG ∈ K we say that L is (K, η)-invariant if

|{g ∈ G : Kg ∩ L 6= ∅ and Kg ∩ Lc 6= ∅}| < η|L|.

Since eG ∈ K the set above, which may be viewed as the K-boundary of L, can

also be written as
(

L\
⋂

k∈K

k−1L

)

∪

(

Lc\
⋂

k∈K

k−1Lc

)

.
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Although we conform to the terminology of [O,W] we will mostly use only the

fact that whenever L is (K, η)-invariant then the part of the K-boundary of L

which lies inside L is small:

|
⋂

k∈K

k−1L| > (1 − η)|L|.

If L is a finite subset of G, E ⊂ X and {lE : l ∈ L} are pairwise disjoint

then the pair (L, E), is called a (Rohlin) tower. According to [O,W] a family

{Ei}i∈I of subsets of a measure space (X, µ) is called η-disjoint if there are

subsets Fi ⊂ Ei of relative measure greater than 1−η such that the sets {Fi}i∈I

are (pairwise) disjoint. By an η-quasi-tower we mean a pair (L, E) where

L is a finite subset of G and E is a measurable subset of X such that the

sets {lE : l ∈ L} are η-disjoint. If {F l}l∈L are the large pairwise disjoint

subsets of the sets {lE} which are implicit in this definition we will also refer

to (L, E, {F l}l∈L) as an η-quasi-tower. When L ⊂ G and E ⊂ X we write

LE =
⋃

l∈L lE.

The following proposition is a variant of the strong Rohlin lemma for amenable

groups [O,W], which replaces many η-disjoint towers (M, Ej) with a single quasi-

tower (L, E) where E =
⋃

j Ej and L is a large subset of M . Let us say

that a sequence (M1, . . . , Mn) of finite subsets of G is δ-invariant if each Mi is

(Mi−1M
−1
i−1, δ)-invariant. The statement of the strong Rohlin lemma for discrete

amenable groups in [O,W] (II§2 Theorem 6) contains the hypothesis that such

a sequence is “sufficiently invariant”. A reading of the proof of I§2 Theorem

6 of [O,W] shows that “sufficiently invariant” should be construed as meaning

that n is sufficiently large and that (M1, . . . , Mn) is δ-invariant for a sufficiently

small δ (depending on n).

Proposition 3.2: Given η > 0 there are an n ∈ N and a δ > 0 with the

following property: For any discrete amenable G, any δ-invariant sequence

(M1, . . . , Mn) in G, any free action T of G on (X,B, µ) and any finite par-

tition Q of X there are subsets Li of Mi, i = 1, . . . , n and subsets Ei of X ,

i = 1, . . . , n such that

|Li| > (1 − η)|Mi| ∀i,

(Li, Ei) is an η-quasi-tower ∀i,

the sets LiEi, i = 1, . . . , n are pairwise disjoint,

µ

( n
⋃

i=1

LiEi

)

> 1 − η
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and

dist(Q|Ei) = distQ ∀i.

Proof: Fix a small η′ to be specified later. If n is sufficiently large and

(M1, . . . , Mn) is a δ-invariant sequence with δ sufficiently small then the strong

Rohlin lemma ([O,W] II§2 Theorem 6, see also the remark after the proof) gives

us sets

Eij ⊂ X, i = 1, . . . , n, j = 1, . . . , J

such that

(1) (Mi, Eij) is a tower for each i and j,

(2) MiEij ∩ Mi′Ei′j′ = ∅ for i 6= i′,

(3) {MiEij : j = 1, . . . , J} is η′-disjoint for each i,

(4) µ

(

⋃

i,j

MiEij

)

> 1 − η′

and

(5) dist

(

Q|
⋃

j

Eij

)

= distQ for each i.

Fix an i between 1 and n. For each j we have a subset Fij of MiEij of relative

measure greater than 1−η′ such that the {Fij}J
j=1 are disjoint. Denote Fij∩lEij

by F l
ij , observe that the sets {F l

ij : j = 1, . . . , J, l ∈ Mi} are pairwise disjoint

and let F l
i =

⋃

j F l
ij . Let ci denote

∑

j µ(Eij). We have

∑

l∈Mi

µ(F l
ij) = µ(Fij) > (1 − η′)µ(MiEij) = (1 − η′)|Mi|µ(Eij) for each j.

Summing over j and reversing the order of summation in the resulting double

sum we obtain

(6)
∑

l∈Mi

µ(F l
i ) > (1 − η′)ci|Mi|.

Letting

(7) Li = {l ∈ Mi : µ(F l
i ) > (1 −

√

η′)ci}

(6) implies that

(8) |Li| > (1 −
√

η′)|Mi|.
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Letting Ei =
⋃

j Eij , for l ∈ Li we have

(9) µ(F l
i ) > (1 −

√

η′)ci ≥ (1 −
√

η′)µ(Ei).

(9) tells us that each (Li, Ei) is an η-quasi-tower if we require η′ < η2. Moreover

(8), (9) and (4) imply that

µ(
⋃

i

LiEi) ≥
∑

i

∑

l∈Mi

µ(F l
i )

>
∑

i

∑

l∈Li

(1 −
√

η′)(1 −
√

η′)µ(lEi)

> (1 −
√

η′)(1 −
√

η′)(1 − η′) > 1 − η,

if η′ is sufficiently small. Finally dist(Q|Ei) = distQ is just equation (5).

Next we describe the process of defining a partition on a quasi-tower by

assigning names to points in the base. Suppose (L, E, {F l}l∈L) is an

η-quasi-tower and λ is a probability measure on AL. Choose any partition

ξ: E → AL such that dist ξ = λ and define a partition P on F =
⋃

l∈L F l by

letting P (lx) = ξ(x)(l) for l ∈ L and x ∈ E, whenever lx ∈ F l. We describe

this process as “copying λ onto (L, E, {F l}l∈L)”. Keeping this notation we then

have the following result.

Lemma 3.3: Suppose K is a finite subset of G, e ∈ K and L is (K, η)-invariant.

Let L′ =
⋂

k∈K k−1L, so |L′| > (1 − η)|L|. Then for each l ∈ L′, PK is defined

on F ′l =
⋂

k∈K k−1F kl and this set has relative measure greater than 1 − |K|η

in lE. If λ is stationary then for each l ∈ L′, dist(PK |F ′l)
η1
∼ λK , η1 = ♭(η).

Proof: The only thing requiring proof is the last assertion of the lemma. Ob-

serve that for l ∈ L′, y = lx ∈ F ′l and k ∈ K we have

PK(lx)(k) = P (klx) = ξ(x)(kl) = (Rl−1πKlξ(x))(k),

so PK(y) = Rl−1πKlξ(x) and hence

(1) dist(PK |F ′l) = Rl−1πKl dist(ξ|l−1F ′l).

Now since µ(l−1F ′l) > (1 − |K|η)µ(lE) Lemma 3.1 implies that

(2) dist(ξ|l−1F ′l)
♭(η)
∼ dist ξ = λ.

Finally, (1) and (2) imply that

dist(PK |F ′l)
♭(η)
∼ Rl−1πKlλ = πKλ
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as desired.

We will prove Theorem 1 by iteration of the following proposition.

Proposition 3.4: Given α > 0, k ∈ N and ǫ > 0 there is a δ > 0 with the

following property: Suppose K is a subset of G, e ∈ K, |K| ≤ k and P : X → A

is a partition with distP = p such that distPK δ
∼ pK and p(a) > α for all

a ∈ A. Then given δ′ > 0 there is a partition Q
ǫ
∼ P such that distQ = p and

distQK δ′

∼ pK .

Proof: We start with the observation that if we have achieved the desired

requirements for Q, except for possibly distQ = p, then this last condition is

easily achieved as well by a slight further perturbation which will have only a

small effect on the other two conditions. Thus we shall ignore the requirement

distP = distQ.

We will work with the hypothesis that distPK δ
∼ pK and specify in the course

of the argument how small δ needs to be. Let λ = distPG so λK = distPK .

Define the (signed) measure σ on AK via the formula

pK =
ǫ

2
σ +

(

1 −
ǫ

2

)

λK .

Since ǫ is fixed we will have σ
δ1∼ pK , δ1 = ♭(δ), and in particular σ is a probability

measure if δ, and hence δ1, is sufficiently small. (Here we use the fact that

pK(a) > α|K| ≥ αk for all a ∈ AK and that α and k are fixed.) Moreover, σ

is stationary, since pK and λK are both stationary. Now if δ, and hence δ1, is

sufficiently small, then by Theorem 2, σ extends to a stationary measure ρ on

AG.

Given a small η to be specified later we wish to find finite sets

Li ⊂ G, i = 1, . . . , n,

and sets

Ei ⊂ X, i = 1, . . . , n

such that

(1) Li is (K, η)-invariant for each i,

(2) (Li, Ei) is an η-quasi-tower for each i,

(3) LiEi ∩ Li′Ei′ = ∅ for i 6= i′,

(4) µ

(

⋃

i

LiEi

)

> 1 − η
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and

(5) dist(PLi |Ei) = distPLi = λLi
.

Proposition 3.2 ensures that we can do this: given a sufficiently invariant

(M1, . . . , Mn) and taking Q in Proposition 3.2 to be P∪iMi we get sets Li and Ei

as specified in Proposition 3.2. Since Li ⊂
⋃

Mi, (5) is immediate. As for (1), if

we take each Mi to be (K, η′)-invariant and also ensure that |Li| > (1− η′)|Mi|

then it follows that Li is (K, (|K| + 2) |Mi|
|Li|

η′)-invariant so we need only take

η′ = 1
2η(|K| + 2)−1.

For each i and l ∈ Li let F l
i be a subset of lEi of relative measure greater than

1 − η such that the sets {F l
i : l ∈ Li} are disjoint. For each i choose a subset

Bi of Ei of relative measure 1− ǫ/2 such that dist(PLi |Bi) = dist(PLi |Ei) and

let Ai = Ei\Bi. Let

Al
i = F l

i ∩ lAi, A′l
i =

⋂

k∈K

k−1Akl
i

and

Bl
i = F l

i ∩ lBi, B
′l
i =

⋂

k∈K

k−1Bkl
i .

Define Q on
⋃

i,l Al
i by copying ρLi

on (Li, Ei, {Al
i}l∈L) for each i. On X\

⋃

i,l A
l
i

define Q(x) = P (x). According to Lemma 3.3 for each i and l ∈ L′
i we have

(6) dist(QK |A
′l
i )

η1
∼ ρK = σ

and

(7) dist(QK |B
′l
i )

η1
∼ λK ,

where η1 = ♭(η).

We have

(8) dist(QK |F
′l
i ) = al

i dist(QK |A
′l
i ) + bl

i dist(QK |B
′l
i ),

where al
i and bl

i denote the relative measures of A
′l
i and B

′l
i in F

′l
i . Since al

i and

bl
i are close (within ♭(η)) to ǫ/2 and 1 − ǫ/2, (6), (7) and (8) imply that

dist

(

QK |
⋃

i,l

F
′l
i

)

η2∼
ǫ

2
σ +

(

1 −
ǫ

2

)

λK = pK ,

where η2 = ♭(η). Finally,
⋃

i,l F
′l
i has large (more than 1 − ♭(η)) measure in X

so our result follows from Lemma 3.1.
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Corollary 3.5: In Proposition 3.4, δ′ may be replaced by 0, that is, the

conclusion becomes distQK = pK .

Proof: Iterate Proposition 3.4 to arrive at a limiting partition with the desired

properties.

Theorem 1: Suppose a discrete amenable group G acts freely on (X,B, µ) and

{gi} is a sequence of elements of G which is mixing for this action. Then for any

finite partition P of X and ǫ > 0 there are a partition Q
ǫ
∼ P and a subsequence

{gij
} such that the partitions {gP : g ∈ IP′{gij

}} are (jointly) independent.

Proof: To begin observe that for any a ∈ AL we have

⋂

g∈L

g−1{x : P (x) = a(g)} = {x : PL(x) = a}.

It follows that the independence or almost independence of a family {gP : g ∈ L}

corresponds to the independence or almost independence of distPL−1

.

Now suppose that we have already found Qk
ǫ
∼ P and gi1 , . . . , gik

so that,

denoting L = IP′({gij
}k

j=1), the partitions {gQk : g ∈ L} are independent.

This means that dist Q
(L−1)
k = p(L−1) and by translation we also have that

distQL−1g−1

k = pL−1g−1

for any g ∈ G. Given η > 0 we can use the mixing

property of {gi} to find gik+1
so that the partitions QL−1

k and g−1
ik+1

QL−1

k are

almost independent of each other. By our remark above this means that for any

given η > 0 we can ensure that

distQ
L−1∪L−1g−1

ik+1

k

η
∼ distQL−1

k × distQ
L−1g−1

ik+1

k = p
L−1∪L−1g−1

ik+1 .

By Corollary 3.5 we can then find Qk+1
♭(η)
∼ Qk such that distQ

L−1∪L−1g−1

ik+1

k =

p
L−1∪L−1g−1

ik+1 , which means that the family {gQk+1 : g ∈ L ∪ gik+1
L} is inde-

pendent. Moreover, if η is sufficiently small we will still have Qk+1
ǫ
∼ P .

Iterating the process we have just described yields a sequence {gik
} and a

convergent sequence {Qk} whose limiting partition Q satisfies the conclusion of

the theorem.

Theorem 3: Suppose {Ti} is a mixing sequence of pairwise commuting auto-

morphisms of (X,B, µ) and P is a finite partition. Then for any ǫ > 0 there are

a Q
ǫ
∼ P and a subsequence {Tij

} such that the partitions {TQ : T ∈ IP′{Tij
}}

are (jointly) independent.
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Proof: Let G be the abelian group generated by {Ti}, acting on (X,B, µ) in

the obvious way. This action is ergodic since it contains a mixing sequence and

it is free since for T ∈ G the set of fixed points of T is G-invariant and hence

has measure either 0 or 1, so theorem 1 applies.

Next we proceed to the characterizations of weak, mild and strong mixing,

Theorems 4, 5 and 6. Recall that in these theorems the measure space is assumed

to be separable. We refer the reader to the papers of Dye [D] and Bergelson–

Rosenblatt [Be,Ro] for a discussion of weak mixing of general group actions.

If G is amenable with Følner sequence {Fn} and E ⊂ G the density d(E)

of E with respect to {Fn} is defined as limn→∞ |Fn|−1|Fn ∩ E|, if the limit

exists. When the dependence on the choice of Følner sequence needs to be

made explicit we write d{Fn}. The upper density of E, denoted d̄(E), is

defined by replacing lim by lim sup. Both d{Fn} and d̄{Fn} are invariant with

respect to left translation. Whenever T is an action we will denote by U the

corresponding unitary action of G on H = L2
0(µ), the orthocomplment of the

constants. Of the many characterizations of weak mixing we shall use two. The

first is that T is weakly mixing if and only if for any Følner sequence {Fn}, any

measurable sets A and B and any ǫ > 0 we have

d{Fn}{g ∈ G : |µ(g−1A ∩ B) − µ(A)µ(B)| < ǫ} = 1.

The second is that T is weakly mixing if and only if it has no non-trivial compact

factors. A function f ∈ L2(µ) is compact for the action if the orbit Gf is pre-

compact in the norm topology of L2(µ) and a factor algebra F of the action is

compact if 1A is compact for each A ∈ F .

Theorem 4: The G-action T is weakly mixing if and only if, given any set

Σ ⊂ G which has positive density with respect to some Følner sequence, the

partitions which are independent along some IP′-set with generators in Σ are

dense in the set of all finite partitions.

Proof: For the “only if” statement, suppose Σ has positive density with respect

to the Følner sequence {Fn} and let d denote d{Fn}. Since T is weakly mixing

we have that

d{g ∈ G : |µ(g−1A ∩ B) − µ(A)µ(B)| < ǫ} = 1.

The intersection of finitely many such sets still has density one and intersecting

further with Σ still leaves us with a set of positive density, in particular a non-

empty set. This means that we can find elements of Σ which mix more and



Vol. 158, 2007 AMENABLE GROUPS, STATIONARY MEASURES AND PARTITIONS 61

more sets better and better. Using a countable dense family of measurable sets

and a diagonalisation argument we obtain a mixing sequence in Σ and then we

apply Theorem 1.

For the “if” direction, suppose T is not weak mixing so there is a measurable

A such that the orbit G1A is pre-compact. Then for any ǫ > 0 there is a finite

K ⊂ G such that K1A is ǫ-dense in G1A. Letting Σ = {g ∈ G : ‖g1A−1A‖2 < ǫ}

it follows that KΣ = G. Choosing any left Følner sequence {Fn} and letting d̄

denote d̄{Fn}, we must have d̄(kΣ) > 0 for some k ∈ K and hence also d̄(Σ) > 0.

By passing to a subsequence of {Fn} we may assume that d(Σ) > 0. However, if

ǫ is sufficiently small, depending on the measure of A, the definition of Σ clearly

prevents the existence of a Q
ǫ
∼ {A, Ac} and a g ∈ Σ such that Q and gQ are

independent. This contradiction concludes the proof.

The definition of mild mixing which we shall adopt is that T is mildly mixing

if and only if it has no non-constant rigid functions in L2(µ). f ∈ L2(µ) is called

rigid if there is a sequence gi → ∞ such that ‖gif − f‖ → 0. It is easy to see

that the existence of a non-constant rigid function is equivalent to the existence

of a non-constant rigid characteristic function 1A.

We refer the reader to [F2] for the theory of mild mixing. See also [F,K],

[S] and [S,W]. The result we need, Lemma 3.6 below, does not appear in the

literature in the general non-abelian setting. However, the development of the

aspects of the non-abelian theory of mild mixing which we need is virtually

identical to the development in the abelian setting. We will briefly indicate the

changes that need to be made.

Let F denote the family of all finite non-empty subsets of N. For α and β in F

write β > α if min β > maxα. An F -sequence is a mapping ϕ : F → X , where

X is any set. If X is a topological space and ϕ : F → X then IP− limϕ(α) = x

means that for every neighborhood U of x there is an α ∈ F such that ϕ(β) ∈ U

∀β > α. Let us say that ϕ′: F → X is an F -subsequence of ϕ if there are

α1 < α2 < · · · ∈ F such that ϕ′{ik, . . . , i1} = ϕ(αik
∪ · · · ∪ αi1). (The usual

definition, see [F2], only requires that the αi be disjoint.) As a consequence

of Hindman’s Theorem, if X is compact then every F -sequence ϕ has an IP-

convergent F -subsequence ϕ. This is theorem 2.1 of [F2] and the proof in [F2]

in fact gives an F -subsequence in the stronger sense which we are requiring. If

G is a semi-group, a homomorphism is any F -sequence ϕ: F → G such that

ϕ(β ∪ α) = ϕ(β)ϕ(α) whenever β > α. This amounts to saying that

ϕ{ik > · · · > i1} = ϕ{ik} · · ·ϕ{i1}.



62 B. BEGUN AND A. DEL JUNCO Isr. J. Math.

In [F2] the condition β > α in the definition of a homomorphism is replaced by

β∩α = ∅ but it is clear that in the abelian case the two definitions are equivalent.

Clearly a subset E ⊂ G is an IP-set if and only if it is a homomorphic image of

F .

Lemma 3.6: If T is mildly mixing then any homomorphism ϕ: F → G has

an F -subsequence ϕ′ such that IP − limµ(Tϕ′(α)A ∩ B) = µ(A)µ(B) for all

measurable A and B.

Proof: We will use Lemma 4.2 of [F2]. Its proof in the non-abelian setting

is identical. By that lemma there is an F -subsequence ϕ′ such that IP −

limUϕ′(α) = P exists in the weak operator topology and is an orthogonal pro-

jection. Evidently any function f ∈ E = PL2
0(µ) satisfies IP − limUϕ′(α)f = f

in the weak topology of H and hence also in the norm topology. This means

that f is a rigid function for T so f must be zero. Since f ∈ E was arbitrary

we have P = 0 on E, which implies our lemma.

Theorem 5: T is mildly mixing if and only if given any IP′-set Σ, the collection

of partitions which are independent along some IP′-set Σ̄ ⊂ Σ is dense in the

set of all finite partitions.

Proof: First suppose Σ is an IP-set so Σ = {e}∪ϕ(F) for some homomorphism

ϕ: F → G. Choose ϕ′ as in Lemma 3.6 and note that ϕ′(F) ⊂ Σ. Then in

particular ϕ′{n}n∈N is a mixing sequence for T . Thus given a partition P we

may apply Theorem 1 to yield a subsequence {ni} and a perturbation Q of P

such that the iterates {gQ : g ∈ Σ′} are independent, where Σ′ denotes the

IP′-set generated by {ϕ′(ni) : i ∈ I}. Clearly IP{ϕ′(ni)} ⊂ ϕ′(F) ⊂ ϕ(F) so

Σ̄ = IP′{ϕ′(ni)} ⊂ Σ and we are done.

For the only if direction suppose T has a rigid set A with 0 < µ(A) < 1,

say g−1
i A → A. It follows that for any ǫ > 0 we can find a subsequence {gij

}

so that gA
ǫ
∼ A for all g ∈ Σ = IP{gij

}. If ǫ is sufficiently small (depending

on µ(A)) this clearly precludes the possibility of an ǫ perturbation Q of the

partition {A, Ac} such that gQ ⊥ Q for even a single g in Σ.

The definition of mixing for T is simply that limg→∞ µ(g−1A∩B) = µ(A)µ(B)

so the following theorem is an immediate consequence of Theorem 1.

Theorem 6: T is mixing if and only if given any infinite set Σ, the partitions

which are independent along some IP′-set with generators in Σ are dense in the

set of all finite partitions.
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We remark that in Theorem 4, 5 or 6 the IP′-set generated by {gi} can be

replaced by the sequence {gi} itself, thereby strengthening the “if” direction of

each theorem.
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